In this paper, we investigate some contraction mapping in partial b−metric space and prove the existence of fixed point of this mapping in partial b−metric space under some conditions. We improve and generalize some results in partial b−metric space.
Introdution
The fixed point theory in metric space is an important part of nonlinear functional analysis. In the 1920s, Banach proposed and proved the famous Banach Contraction Principle. Since then, many scholars have proposed a series of new concepts of contraction mapping and new fixed point theorems. In 1994, S.G.Matthews introduced the concept of partial metric space and proved the Banach Contraction Principle in the partial metric space [10] . The biggest difference between partial metric space and metric space is that it is may not zero from its own distance. More fixed point theory of partial metric space have been proposed, for example, see [1, 4, 12] .
In 1993, Bakhtin [3] introduced the concept of b−metric space which is a generalization of metric space, he proved the famous Banach Contraction Principle in the b−metric space, also see [11] . In recent years, scholars discuss various types of non-expansive mappings, single and multi-value mappings in b−metric space [2, 7] . In 2014, S.Satish introduced the concept of partial b−metric space [13] , and the fixed point theorem of Banach Contraction Principle and Kannan type mapping was proved in partial b−metric space.
In this paper, we prove some fixed point theorem for C-contractive mappings and Meir-Keeler mappings in partial b−metric space which generalize and extend the result of S.K.Chatterjea [11] and S.Satish [13] , respectively. Definition 1.1. Let X be a nonempty set , s ≥ 1 be a given real number and let b : X × X −→ [0, ∞) be a mapping such that for all x, y, z ∈ X, the following conditions hold:
Then the pair (X, b) is called a partial b−metric space. The number s is call the coefficient of (X, b, s). Remark 1.2. In a partial b-metric space (X, b, s), if x, y ∈ X and b(x, y) = 0 , then x = y but the converse may not be true. Remark 1.3. It is clear that every partial metric space is a partial b−metric space with coefficient s = 1 and every b−metric space is a partial b−metric space with the same coefficient and zero self-distance. However, the converse of this fact need not hold. Definition 1.5. Let (X, b, s) be a partial b−metric space . Let x n be any sequence in X and x ∈ X. Then:
(i) The x n sequence is said to be convergent and converges to x if lim n→∞ b(x n , x) exists and is finite.
(ii) The x n sequence is said to be Cauchy sequence in (X, b, s) if lim n,m→∞ b(x n , x m ) exists and is finite.
(iii) (X, b, s) is said to be a complete partial b−metric space if for every Cauchy sequence x n in X there exists x ∈ X such that lim n,m→∞
Note that in a partial b−metric space the limit of convergent sequence may not be unique. Example 1.6. Let X = [0, +∞), A > 0 be any constant and define a function b :
Thus, the limit of convergent sequence in partial b−metric space need not be unique.
Main results
Theorem 2.1. Let (X, b, s) be a complete partial b−metric space with coefficient s ≥ 1 and f : X → X be a mapping satisfying the following condition:
where λ ∈ [0,
2s
). Then f has unique fixed point z ∈ X and b(z, z) = 0. P roof . First prove that z ∈ X is the fixed point of f , that is f z = z, from (2.1), that
a contradiction. Thus, we have z = v. Next, we prove the existence of fixed point , let x n = f n x 0 and b n = b(x n , x n+1 ) , where x 0 is arbitrary point of X.
If x n+1 = x n for some n ∈ N, then x * = x n is a fixed point of f . Therefore, we can suppose x n+1 = x n ,b n > 0 for each n ∈ N, from (2.1),
). Therefore, b n ≤ αb n−1 , where α = µ 1−µ < 1, On repeating this process we obtain
therefore lim n→∞ b n = 0. Next, we shall that x n is a Cauchy sequence in X. Let b n = b(x n , x m ), from (2.1) that for n, m ∈ N with n < m
. Therefore, {x n } is a Cauchy sequence in X and lim n,m→∞ b(x n , x m ) = 0 . By the completeness of X there exists z ∈ X such that
Now we shall prove that z is a fixed point of f . Let d n = b(f x n , f u), b n = (z, f x n )), for each n ∈ N, from (2.1), we have
We take upper limit on both sides to the above inequality, That is
We take limit on both sides to the inequality, then b(z, f z) ≤ 0 , that is, f z = z. Thus, z is a fixed point of f and it is a unique fixed point of f .
Remark 2.1.1.
[11] Let (X,d) be a metric space, a mapping f : X → X is said to be a C-contraction if there exists α ∈ (0, 1 2 ) such that
holds for all x, y ∈ X. Taking s = 1 in Theorem 2.1., we can get the C-contraction fixed point theorem in partial metric spaces [1, 4, 12] , taking b(z, z) = 0 in Theorem 2.1., we can get the C-contraction fixed point theorem in b−metric spaces [6, 9] . Theorem 2.2. Let (X, b, s) be a complete partial b−metric space with coefficient s > 1 and f : X → X be a mapping satisfying the following condition: for each ε > 0 there exists δ > 0 such that
Then f has a unique fixed point z ∈ X and b(z, z) = 0 . P roof . First of all, by (2.2), we point out that : for ∀x, y ∈ X , and x = y, sb(f x, f y) < b(x, y).
Suppose x 0 ∈ X be an arbitrary point , we can choose sequence {x n } in X such that
If x n+1 = x n for ∀n ∈ N, then f have a point of coincidence. If x n+1 = x n for ∀n ∈ N, making use of the inequality (2.3) with x = x n−1 and y = x n , we can get sb(x n , x n+1 ) < b(x n−1 , x n ).
As s > 1, {b(x n , x n+1 )} is a decrease sequence , it is easy to prove that lim n→∞ b(x n , x n+1 ) = 0. Now, we shall show that {x n } is a Cauchy sequence in X. We can choose an N (large enough) such that when n > N , Then f has a unique fixed point z ∈ X.
